Abstract. We construct normal rationally connected varieties (of arbitrarily large dimension) not containing any smooth rational curves.
1. Introduction 1.1. Let V be a rationally connected projective variety, not necessarily smooth or normal, defined over C. Then any smooth V is covered by various images of morphisms f : P 1 −→ V such that the pullback f * T V is ample (see e.g. [11, Theorem 3.7] ). One also observes that the image f (P 1 ) is smooth in this case for a generic choice of f (see [11, Theorem 3.14] ).
The present paper grew out of an attempt to understand whether the preceding property holds for an arbitrary V as well (see [9] , [10] for some related results).
Namely, if V is normal and rationally connected, is there always at least one smooth rational curve on V ? Or more generally, i.e. dropping the normality assumption, are there such rationally connected V that don't contain any smooth rational curves, with dim V being arbitrarily large?
In the non-normal case, the answer is evident when dim V = 1 (normalization), although even for the product V × V we are not sure how to proceed (there might exist P 1 ⊂ V × V with degree > 1 projection onto V ). So the assumption dim V →
1.3.
To make the construction easier we'd like to consider those V that parameterize certain geometric objects. This should, in principle, allow one interpret smoothness of any rational curve Z ⊂ V in terms of properties of the corresponding family of objects. We've given our preference to the moduli spaces SU X (r) of rank r > 1 and det = O X vector bundles over an algebraic curve X of genus g > 1 (compare with [5] for another usage of SU X (r) in birational geometry).
Recall that SU X (r) is a Fano variety (see Section 2 for its specific properties).
Yet, unfortunately, it is too early to just set V := SU X (r) and conclude the proof of Theorem 1.2:
Example 1.4. Given any stable vector bundle E ∈ SU X (r), after twisting E by O X (m) for some m ∈ Z (independent of E) one may identify E ⊗ O X (m) with an extension class from Ext
L. This provides a rational dominant map P(L) SU X (r) (see [7, Proposition 7.9 ] for instance) and shows that SU X (r) is in fact unirational. Now comes the discouraging observation that SU X (r) actually contains plenty of smooth rational curves. Namely, starting with any point p ∈ X, some generic vector bundle E with determinant det E = O X (p), and a linear form l on the fiber E p , we consider the morphism of sheaves E −→ O p corresponding to l. The kernel of this morphism is again a rank r vector bundle; it is stable due to [12, Lemma 5.2] and has trivial determinant. This shows that the whole P r−1 ∋ l embeds into SU X (r) (cf. [13, 5.9] ).
Recall that all the (equivalent) constructions of SU X (r) involve certain GIT quotient of a source space S by some group G. This S can be the space of relative Grassmannians over X (resp. G = PGL), the space of SU r (C)-representations of π 1 (X) (resp. G = SU), the space of flat connections on a fixed rank r topologically trivial vector bundle E over X (resp. G = the gauge group), etc. Our idea then was, starting with a smooth rational curve Z ⊂ SU X (r), lift it in a 1 : 1 manner to S and obtain a contradiction with the fact that S is affine or something like this.
However, as Example 1.4 shows, this idea won't work directly. The reason behind is that the claimed "lifting to S" doesn't exist: there's always an ambiguity in the choice of a point ∈ S to associate with any given point on Z. In order to circumvent this we use another construction of SU X (r) (compare with [15, 5.1] ).
Namely, after some care (see Section 2), one may take S = the group of special (r × r)-matrices with coefficients in a formal power series ring (resp. G = some ind-group). Then for a particular locus D ⊂ SU X (r) (see 3.4), with any point on D one associates (canonically) a point in S, modulo some moderate assumptions (cf. Proposition 3.2).
Remark 1.5. This D seems to be another natural object, in addition to the thetadivisor L (see 2.5 below), which comes for free with SU X (r). It would be interesting to explore the relation between D and L further: whether, say, rationality (resp. precise dimension) statement for L (see e.g. [15, 3.1] ) holds also for D?
One observes next that D is normal, projective and rationally connected -the facts we derive from the ind-construction of SU X (r). This readily shows that there is no smooth rational Z ⊂ D, since otherwise it'll be lifted to S = direct limit of affine varieties, which is impossible (see Section 3 for details).
Preliminaries

2.1.
Let the notation be as in 1.3. We first briefly recall the ind-construction of the moduli spaces SU X (r) (see [1] , [2] , [8] for a complete account). For this we fix a point p ∈ X, a small disk ∆ ⊂ X around p and a local coordinate z on ∆ such that z(p) = 0. We also put K := C((z)) and
Let E be a vector bundle on X of rank r and det E = O X . One proves by induction on r that E is trivial over X * := X \ p (cf. [1, Lemma 3.5]). Then trivializing E also over ∆ provides an element γ ∈ SL r (K) whose class in the space Q := SL r (K)/SL r (O) uniquely determines E up to the left action on SL r (K) of the subgroup SL r (O X * ) (i.e. up to a choice of trivialization for E X * ).
Equivalently, one may associate with γ a special lattice Λ ≃ O ⊕r (with Vol Λ := det γ = 1) generated as a O-module by global sections of E X * and such that E We will need the following simple observation: 
, where I is the identity matrix.
2.3.
Further, recall that there's a canonical isomorphism in codimension 1 
2.5.
To conclude this section, let's fix a bit more of notation/conventions and recall some auxiliary facts, as those will be used later in Section 3.
Choose some semi-stable bundle E ∈ SU X (r) (identified with a point in the corresponding moduli space) with a Hermitian structure specifying the gauge group action on the space of all connections on E. and the main result of [6] (cf. [14] ) one represents E as a sum of stable bundles.
Note that any two direct sum decompositions ⊕E i = E = ⊕E Finally, although we'll not quite need this, let us mention for consistency some other facts about SU X (r) (see also Section 4). First of all, variety SU X (r) is locally factorial, with Picard group generated by L (see [7, Theorems A, B] ). One may equivalently interpret L as the so-called theta-divisor. The latter consists of all E ∈ SU X (r) for which H 0 (X, E ⊗ ξ) = 0 with respect to some fixed cycle ξ on X of degree g − 1. Furthermore, the canonical class K SU X (r) equals −2rL, so that SU X (r) is a Fano variety.
3. Proof of Theorem 1.2
3.1.
We retain the notation of Section 2. Put t := z −1 and let γ (resp. Λ) be as in Lemma 2.2. Recall that E ∆ = C r × ∆ with constant basis, while the O X * -module E X * is generated by Λ, so that the two data are glued over ∆ ∩ X * via γ. We will additionally assume that γ = I mod t 2 .
To apply the strategy outlined in 1.3 one should have (at least) the following:
Proposition 3.2. In the previous setting, Λ carries a unique (Bohr-Sommerfeld) basis, which does not depend on the choice of γ. In fact, there is only one γ associated with Λ (cf. 2.1), satisfying γ = I mod t 2 .
Proof. According to our assumption there exists a collection of vectors
r that generates E X * and coincides with the standard basis of C r modulo t 2 . Using this, the flat unitary connection ∇ on E (see Theorem 2.6), plus the preceding description of E in terms of ∆, X * and γ, we construct (via the parallel transport starting with e i (0)) global C ∞ -sections ε i of E, 1 ≤ i ≤ r, which generate E X * and satisfy the equation
More precisely, since ∇ is flat and de i (0) = 0, 1) equation ∇ε i = 0 and its solutions {ε 1 , . . . , ε r } do not depend on the choice of e i (aka γ). In particular, there is a correctly defined (canonical) extension of every ε i over the entire X, as claimed. We also observe that by uniqueness of the solutions all entries in ε i are some elements from C[[t]] because ∇ 0,1 =∂ locally on ∆ 0 . This gives the desired basis for Λ.
1) Here d is the usual Kählher differential of the ring C[[t]].
Recall next that ∇ is unique up to Aut E. Now the last claim of proposition follows from the fact that one may take {ε 1 , . . . , ε r } to be the columns of γ and that gγg −1 = γ for any g ∈ Aut E by definition. Then all ε i depend only on t due to ∇ 0,1 =∂ and uniqueness of the solutions. Note that this construction of ε i requires ∆ 0 ∋ 0 to be fixed. It also shows that any other lattice g · Λ, for g ∈ SL r (O X * ), has the corresponding gγg −1 equal to I mod t 2 as well. Indeed, recall that the condition for ε i to be ∇-flat translates into ε i = ε 0 i modulo (t,t) 2 , which must be gauge invariant.
3.4.
The locus D ⊂ SU X (r) from Remark 3.3 is our candidate for the weird rationally connected variety V . Let's study the geometry of D more closely by employing its description in terms of the lattices Λ. But first we make the following:
Assumption. Fix r ≥ 3 and choose the initial curve X to be generic of genus ≥ 3.
This gives Aut E = C * for generic E ∈ D (take for instance E = the direct sum of different line bundles δ i = O X satisfying deg δ i = 0 and δ i = −δ j for all i, j).
We will write SU X (r) = SL r (O X * )\ Q in what follows (cf.
and Remark 2.4).
This aims to just simplify the notation and won't cause any loss of generality.
Consider the subset D 0 ⊂ Q of all lattices Λ satisfying γ = I mod t 2 as in 
Proof. Consider some Λ ∈ D 0 . Recall that Λ uniquely determines the corresponding γ ∈ M (see Proposition 3.2). Then, since the group SL r (O) acts freely on SL r (K) ⊃ M, the set D 0 may be identified with M near Λ.
2) The bundle O ⊕r X carries a natural Hermitian structure which varies together with E. From Lemma 3.5 we obtain
for the natural SL r (O X * )-equivariant morphism π : Q −→ SU X (r) of ind-schemes. 
Lemma 3.8. π(C) is a rational curve.
Proof. Indeed, there's an obvious birational map P 1 C of ind-schemes (for
It follows from Lemmas 3.7 and 3.8 that D is rationally connected (cf. [11, Ch. IV, Proposition 3.6]). Thus it remains to prove normality.
Firstly, the proof of [1, Proposition 6.1] shows that M is smooth in codimension 1, which implies that M is normal because it is a complete intersection on Secondly, since rk Λ > 1 for any lattice Λ ∈ D 0 , the condition Λ = g · Λ for some
and D is normal -all in codimension 1. Further, since Z = P 1 and the bundle V is locally analytically trivial by con-
Vol Λ = 1. Then taking a global section of V gives an embedding Z ⊂ D 0 .
Thus we obtain a non-constant family of matrices γ ∈ SL r (K) algebraically parameterized by Z. In particular, there exists a rational function f ∈ C(Z) such that f (z) = ∞ for all z ∈ Z, which is absurd. The proof of Theorem 1.2 is complete (cf. Proposition 3.6 and Corollary 3.9).
Some questions and comments
We'd like to conclude the paper by asking the following questions:
• Is there a weird V over a field of positive characteristic (cf. [3] , [4] )? Similarly, modifying the notion of rational connectivity accordingly, is there a non-Kähler compact complex (maybe even smooth) weird V (cf. [16] )?
• Is the locus D ⊂ SU X (r) a Fano variety (and how to express it in terms of theta-divisors)? Does it have locally factorial singularities (resp. what is its Picard group)? Same questions for any weird V .
• By applying the weak factorization theorem it would be interesting to find out whether being weird provides an obstruction for variety to be rational.
What about the case of D again (cf. Remark 1.5)?
• Note that the locus D consists entirely of strictly semi-stable bundles (cf. • Is it possible to find weird V in any given dimension (cf. Corollary 3.9)?
